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ABSTRACT. We “invariantize” the classical theory of alternated unions to
obtain new separation results in both invariant descriptive set theory and in
infinitary logic. Application is made to the theory of definitions of countable
models.

0. Introduction. In this paper we will be concerned with some results related
to the theorem: Disjoint Gy sets in a complete metric space can be separated by
an alternated union of closed sets. Before summarizing the contents of the
paper it will be helpful to recall some classical definitions and results.

Let X be an arbitrary set or class.

Suppose T';, T, are two subclasses of P(X) such that T', C T, and T}, is
closed under complementation. T'; has the strong separation property with
respect to T’y provided that for Ay, 4, €T}, if Ay N A; = O, then there exists
B € T'; such that 4y C B C~ A, (i.e. B separates A, from A,). An equivalent
condition is that T'; has the first separation property and I'; N I, = T, (cf.
Addison [1] for a discussion of this phenomenon). I'; = {(~A:4€T,}.

ON is the class of all ordinals. Let y € ON and suppose C =(Cs: B < v)
is a sequence of subclasses of X. C is decreasing if Cy C Cp whenever
B’ < B < y. C is continuous if C, = Mg, Cp whenever A < v is a limit
ordinal. e(y) = {8 € y: B is even}. D(C) = U{Cy~ Cp,1: B E e(7)} is
the alternated union of C.

Let T C 9 (X). C is suitable for 9, (T) if C € ¥*'T, C is decreasing and
continuous, C, = X and C, = @. We define 9, (T') = {D(C): C is suitable
for D, D), V@ = U{D,@): # < 1}, D) = U{D,(): v € ON}.
®D(,»(T) is the collection of countable alternated unions over I.

The important feature of alternated unions is their behavior under
complementation. If C is suitable for %, (%P (X)), then it is easily seen (cf.
Kuratowski [9]) that

~D(C)= U {Cs-1 ~ Cs: B € e(7), B asuccessor}. 1)
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186 D. E. MILLER

It follows that if T, is a class which includes I' U T and is closed under finite
intersections and countable unions, then D, \(T) C T, N I,

Now suppose X is a topological space. IT and X0 are, respectively, the ath
multiplicative and additive levels of the Borel hierarchy on X (II9 is the
collection of closed sets, IT = G;, etc.). We further specify

MN=TEns, M= U (I8 <a).

When we wish to emphasize the dependence on X, we write IT2(X), etc.

6D(‘X,)(II‘,’) was known classically as the collection of resolvable sets. A result
of Montgomery (cf. [9, §34]) states that D,(II%) C AJ provided X is metri-
zable (for separable X this is obvious). The basic II? separation theorem (2) is
essentially due to Hausdorff (cf. Kuratowski [9] or Addison [2]).

(2) Assume X is completely metrizable. Then II3 has the strong separation
property with respect to D, T)).

When X is Polish (separable, completely metrizable), (2) can be extended to
all higher levels of the Borel hierarchy. _

(3) Assume X is Polish, w; > a > 1. Then I has the strong separation
property with respect to D, \(II0,)).

(3) is usually proved only for successor a (cf. [9, §37]). For a = A a limit
ordinal, the situation is simpler. One easily shows that AY = ), (TI{,)), and (3)
follows from the fact that X2 has the reduction property [9, §30].

Given an equivalence relation on X, it is natural to ask whether (2) and (3)
hold in “invariant” form. In §1 we will answer this question affirmatively for
suitable E. If E is an open (lower semicontinuous) equivalence, then the
collection of E-invariant Gs sets has the strong separation property with
respect to the collection of alternated unions of E-invariant closed sets. If E is
induced by a “Polish action” (§1), then an analogous invariant version of (3)
holds.

In §2 we combine this invariant result with a definability theorem of
Vaught [15] to obtain an analogous fact in logic.

(4 If p is countable, w, > a > 1, then I'0(V,) has the strong separation
property with respect to D, \AT'0(V,)).

Here l'I’g(Vp) is the ath multiplicative level in the Borel’ hierarchy (§2) on
the L, -elementary classes. For example, II') classes have the form
Mod(A, VX V,,370,,,) where each §,,, is finitary, quantifier-free, n, m € w.

An interesting aspect of (4) is its relation to the well-known V9-separation
theorem of first-order logic (cf. [13, p. 97]). This latter result was conjectured
by Addison by analogy with (3), and was established by Shoenfield, cf. [1]. It
can be derived from (4) and a general approximation theorem due to J.
Keisler-see Remark II, §2 below. Thus, our proof of (4) as a consequence of
(3) gives a kind of “causal explanation” for Addison’s analogy.
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In §3 we use the invariant 1'12 separation theorem to derive several results
on the complexity of L, , definitions of isomorphism types. The following is
typical:

(5) If a complete L, theory T has a countable model U such that the
isomorphism type of % is £'3-over-L,,, then T is w-categorical.

=%-over-L,,, classes have the form Mod(\/,3% A\, V)4,.(%, 7)) each 8,
€ L. These results can also be stated in terms of topological complexity in
a natural space of countable models. This space has been studied by several
authors, most recently by Benda [5]. When stated topologically, both (5) and
3.5(ii) improve one of the results of [S]. We also indicate how the invariant
separation theorem can be used in ordinary descriptive set theory by giving a
new proof of a classical definability theorem of Baire.

§4 is almost independent of the previous sections and deals with the
problem of effectiveness. We prove “admissible” versions of (3) and (4)
showing that they remain valid when we restrict our attention to IIC sets and
IT? classes with “names” in any admissible set, provided a is a successor
ordinal.

Most of the material of this paper was included in the authors Ph. D.
dissertation which was written under the supervision of Robert L. Vaught.
The author is grateful to John Addison and William Wadge for important
conversations and to Robert Vaught for his constant encouragement, advice,
and criticism.

1. The invariant T separation theorem. Assume X is a topological space
and E is an equivalence relation on X. For B C X, define

B~ =B~ ={x: (Vy)(yEx=y € B)},
B* =~(~B) = {x:(3)(yEx&y € B)}.

B is invariant if B= B~. B~ and B* are respectively the largest invariant
subset of B and the smallest invariant superset of B. If B¥ is an invariant set
such that B~ C B* C B™, we say that B¥ is an invariantization of B.

Note that

(6) If B* is an invariantization of B and B separates a pair of disjoint
invariant sets, then so does B*.

Thus, the invariant IT9 separation problem is connected with the AJ
invariantization problem: “Given B € A), find a AJ invariantization for B.”
In view of (2), we can solve the A invariantization problem for X, when X is
completely metrizable, by solving each D, (IT9) invariantization problem.

Given I’ C ¥ (X), inv(T) denotes { B € T: B is invariant}.

Given C € (P (X)), let C® =(Cs: B < 7).

LeMMA 1.1. Assume C is suitable for . (P (X)). Then C®© is suitable for
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D, (inv(? (X))) and D (C ©) is an invariantization of D (C).
ProoF. First note that for each 8 < v,

_ — - + +
G ~Cr1=C N(~GC1) C(C~GCpur)

It follows that
D(c®) = U (G ~ G B Ee(®} S U {(Co~ Cpur)": B € e(v))
= ( U {C~Cpi:BE e(y)})+ = (D(C))+.

A similar calculation based on (1) shows that ~ D(C®) C (~ D(C)* =
~(D(C)7). D(C®) is clearly invariant, hence it is an invariantization of
D(C). Since the transform Cs t C preserves inclusions and commutes with
intersections, C © is suitable for @, (inv(? (X))). O

E is open (lower semicontinuous) if C ~ is closed whenever C is closed. An
equivalent condition is that the canonical map X — X/E be an open
mapping. For example, every equivalence which is induced by a group of
autohomeomorphisms of X is open.

THEOREM 1.2. Assume X is a topological space and E is open equivalence on
X.

(a) For every y € ON, inv(%D, (IT))) = D, (inv(II})).

(b) If X is completely metrizable, then inv(II3) has the strong separation
property with respect to %, (inv(II}).

Proor. If B is closed and E is open, then B~ € inv(II%). Thus, C®
€Y*!(inv(I1%)) when C €*!(I°). If D (C) is invariant, then, by (6) and 1.1,
D(C) = D(C®). This proves (a). Now suppose X is completely metrizable,
Ag, 4, € inv(IT9). Applying (2), let C be suitable for D (II}), 4, C D(C)
C~ A,. Then, again by (6) and 1.1, D(C®) € N, (inv(II})) and 4, C
D(C®)c~4,. O

Before giving a similar invariant version of (3), we review some of the
definitions and results of Vaught [15]. Let G be a topological space. Recall
that a subset of G is meager (first category) if it is a countable union of
nowhere dense sets. G is a Baire space if no nonempty open subset of G is
meager.

Assume for the remainder of §1 that G is a Baire space, X and X’ are sets
(possibly with additional structure), and J is a function on G X X to X". For
B C X', x € X, define B* = {g: J(g,x) € B}, B* = {x: B*#* @}, B~/
=~ (~ B)*’. Further define B* = {x: B* is comeager}, B® =~ (~ B)*.
Since G is a Baire space, it is apparent that for B C X',
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B~/ Cc B*C B*C B*. )
For B, C X', i € w, we also have

A
( ﬂ Bi)* = ﬂ B, ( U Bi) = U BiA- ®
i€w iCw i€w i€w

For g € G define J&: X — X’ by setting J&(x) = J(g, x). If G is a group,
X = X', and the map g > J8 is a homomorphism on G to the group of
permutations of X, then ¢ = (G, X, J) is an action. If, moreover, G is a
(Baire) topological group with a countable base, X is a topological space and
J is continuous in each variable separately, then ¢ is a special action. An
important particular case is that of a Polish action- G and X are Polish spaces
and J is fully continuous.

Let (G, X, J) be an action and let E;, = {(x, x"): 3g)(J (g, x) = x')}. Then
E, is an equivalence on X and, for B C X, B~/ = B~ &, It follows from (7)
and the homogeneity of topological groups that

(9) If G is a Baire topological group, (G, X, J) is an action, and B C X,
then both B* and B® are invariantizations of B (with respect to E)).

In [15] Vaught solved each IT? invariantization problem for special actions
by proving:

(10) Assume (G, X, J) is a special action, 1 € a < w,;, B € ng. Then
B* e IC.

Note that (10) does not directly solve the AC invariantization problem. If
B € A, then B* € IT%, B* € X2, but neither B* nor B is necessarily -a
member of A2. As in 1.1 and 1.2, we will solve the A? invariantization
problems for special actions on Polish spaces by considering alternated
unions.

Return to the basic hypothesis on G, X, X', J. For y € w,, C € ?(X")
define C®=(C}: B < v).

LEMMA 1.3. Assume y € w, and C is suitable for D, (P (X")). Then C®is
suitable for D, (¥ (X)) and (D(C))* C D(C® C (D(C)"

PRrOOF. Since the intersection of a comeager subset of G with a nonmeager
set is nonmeager, we have for each 8 < v,

A A
Gl ~ Char = G301 (~ Cpn ) € (G~ o)™

Since the transform B |> B® commutes with countable unions and the

transform B | B* commutes with countable intersections and preserves

inclusions, we may substitute “+” for “—, “A” for “+” in the proof of 1.1 to
obtain a proof of 1.3. [

THEOREM 1.4. Assume that (G, X, J) is a special action, 1 < a < w;, ¥ < w),
E = EJQ
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(a) If C is suitable for D, (I1,), then C®is suitable for . (inv(I1Z,)) and
D (C®) is an invariantization of D (C).

(b) inv(®, @1Z,)) = D, (nv(II2,).

() If X is Polish, then inv(II2) has the strong separation property with respect
10 D, ,(inv(IL,)).

PrOOF. The proof is entirely parallel to that of 1.2.

To establish (a), let C =(Cs: B < v). By (10) each C} is invariant IT,) so
D(C®) is suitable for 9, (inv(II,)). By (9) and 1.3, D(C®) is an invarianti-
zation of D(C).

(b) is immediate from (a) since an invariant set is its own only invarianti-
zation.

To establish (c), let 4y, 4; be disjoint invariant IIC sets. Applying (3) let C
be suitable for 6D((‘,l)(IIg,',)), A, C D(C)C~A,. By (6) and (a), D(C®) €
Dy v ) and 4, C D(C® C~4,. O

2. The IT0 separation theorem. Let p be a countable similarity type.
Without loss of generality (see Remark I below) we assume that p is simply a
set of relation symbols. For P € p, let n(P) be the arity of P. ¥, is the class of
all p-structures. Given a collection @ of sentences of L, (o) and a class
KCcV, let AK)={Mod(o) N K: 0 €Q}. V,° is the class of infinite
p-structures and for ¢ € L, ,(p), Mod*(c) = Mod(s) N V,°. A fragment of
L,.(p) is a subset of L, , which is closed under negation, quantification,
finite conjunction and disjunction, passage to subformulas, and substitution
of variables. _

The canonical logic space of type p is the topological product space X, =
Hpe,2"®. We identify S € X, with (o, S) to view X, as the set of p-
structures having universe w. Given a sentence ¢ € L, ,(p), we set [o] =
Mod(o) N X,. The canonical logic action of type p is §, = (X,, w!, J,), where
w! is the group of permutations of the set w given the relative topology as a
subspace of w*, and J,, is defined by setting

Jo (8 S)plins -+ - iuey) = S(&7'(01)s - - -» 87 (bumy))-
Thus, J,(g, S) = gS is the usual isomorph of S under g and E,p = I, is the
usual isomorphism relation between p-structures. It is easily seen that X, is a
Polish space and ¢, is a Polish action (cf. [15]). All action-theoretic terms in
this section will refer to this action.

A basic’ or IT'J formula of type p is a finite conjunction of atomic formulas
and negations of atomic formulas. The Borel’ hierarchy of formulas of
L, .(p) is then defined for 1 < a < w; by the recursive conditions:

II) = {1¢: ¢ € T}

ey = U pe Ty

2% = {\/O: O is countable and each § € O is of the form Jo, - - - oY,
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where k € w, each v; is a variable, and § € H(u)}

In [15] Vaught proved

(11) Leta > 1. If B € ITJ(X,) then B* € IT'Y(X,).

Combining this with (9) he obtained

(12) Let a > 1 and suppose X is an invariant subspace of X,. Then
inv(IT% (X)) = IT(X).

The main result of this section is the II'0 separation theorem: Disjoint II"°
classes can be separated by a countable alternated union of II"? (@) Classes, a > 2.

Over infinite models this result is an immediate consequence of (12) and
Theorem 1.4. If a > 2 and ¢, @ are IT"2 sentences such that Mod*®(o) N
Mod*(9) = @, then [o], [9] are disjoint invariant IT) subsets of X,. By 1.4,
[6] € D(C) c [716] for some countable sequence C =<C,,: ,B <7)
suitable for @, (inv IT%,). By (12), each Cj is [ ;] for some ¢ € IT (a) By
the mflmtary Léwenheim-Skolem theorem, (Mod®(¢p): B < v) =
decreasing and continuous and Mod*(¢) C D (®) C Mod*(—18).

Since p is assumed to be countable, every collection of finite p-structures is
=Y V,). Using this fact, the full I separation theorem for a > 2 is easily
obtained from the corresponding result over infinite models. In dealing with
IT"J and with problems of effectiveness however, this ad hoc approach to finite
models breaks down. We will solve the problem by considering a variant of
the usual logic space and proving a definability theorem analogous to (12).

The (familiar) trick is to treat equality as a nonlogical symbol so that an
infinite set of natural numbers can represent a single element of a finite
structure.

Let ~ be a binary relation symbol which is not in p and let p = p U {=}.
Let X C X; be the collection of all (S, ~) such that ~ is a congruence on w
for each relatlon in § and each congruence class is infinite. Since each
equality axiom is I, X p 18 Y in X;. Given (S, ~) € X > the natural
quotient structure (S, ~)/~ is a p-structure and it is apparent that every
finite or infinite countable p-structure can be obtained as such a quotient.

Given X CX,,n€wlet X®={(S,i,...,0,): SEX&i,...,i, are
distinct natural numbers}. An n-formula is a formula with free variables
included in {v, . . ., V,}. If € L, (o) is an n-formula, define

[6¢] = Mod(0) n X" = {(S,{) EX™: (w, S,{) =6}
Given ¢ € L, ,(p) let ¢= ¢(Z) be the result of substituting ~ for the
equality symbol = throughout ¢. Clearly ¢ has the same position in the

Borel’ hierarchy on p that ¢ has in the hierarchy on p. Furthermore, if ¢ is an
n-formula, then

[67] N X={(S, ~ i e esin): (0, S ~)/~ [0] -, [ia]) E &)

Here, [/] is the equivalence class of i under ~.
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[6™] N X ™ will be denoted (¢%). As usual we drop the superscript when
n = 0. Given any class I of p-formulas, we let T= {qb ¢ €T}

Since each ~ is a congruence, any isomorphism between structures (S, ~),
(S, ~)EX , induces an isomorphism betweerf the corresponding quotients.
It follows that each class (¢) is an I;,-invan'ant subset of X, and we have for

| II’O( ) c mv(Ho( ))

Since all congruence classes have the same cardinality, any isomorphism
between quotient structures (S, ~)/~ and (S’, ~')/~' can be lifted to an
isomorphism between the structures (S, ~) and (S’, ~'). Thus, I3 is the
natural equivalence on X to study for applications to logic.

With a minor modlflcatlon of the proof, Vaught’s main definability results
go over to the new context:

ProposITION 2.1. Leta > 1.
(a) If B € TY(X,) then B* € TT(X). L
(b) If X is any invariant subspace of X, then inv(II3(X)) =IT'YX).

Proor. Before proceeding with the proof of 2.1 note that (12) is easily
derived from 2.1(b) by considering the invariant subspace X = {(S, ~):
(§ ~)/~ is infinite}. The obstacle to a similar derivation of 2.1(b) from (12)
applied to the invariant subspace X C Xj is that (12) is proved for logic with
equality. We will see that in our spec1al case, this “extra” logical equality
symbol can be eliminated.

Given a formula ¢, let 3% v,,- - - v,_,)(¢) abbreviate v, - * + V,_,)(¢
AVAY <j<nVi# V). The key remark which enables us to modify the argument
of [15] is

(14) If Y is an m-formula of L, ,(p) such that the symbol = does not occur
iny, and n < m, then

#* (n) Y 4 (n) =

[E™ v V)] N XP=[@V - V)] 0 X
The inclusion from left to right in (14) is trivial. For the reverse inclusion
let (S, ~,ig...,i,-) €E X and suppose (@, S, ~,ig .« «sin_y) = ¢
Since each congruence class is infinite, there exist numbers iy, . . ., i,,_, such
t}}at io,.:.,i,, 1 dps « o« » by are distinct and §; ~ i forj=n,...,m — 1.

_Since ~ is a congruence,
(0,8, ~ gy oo ety pp gy e e esi ) =

and

(S ~sig e s ine)) E[@* Vo Vo) )]
as required, establishing (1.4).
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Now we sketch a proof of (a). As in [15] it is necessary to prove a
somewhat stronger result. For B C X, let B*™, B4" C X1 be defined as in
[15]. (Our X{™ differs slightly from that in [15], but Vaught’s definition of
B&*n BA" makes sense in our context and yields the same sets.) Using (14)
we can modify the proof of [15] 3.1 to establish by induction on «:

(15) Let B € IO (X 5) (respectively, Z0(X. 5)). Then for each n € w there is
an n-formula ¢ € I1'°(p) (resp. £°(p)) which does not contain the equality
symbol, such that

BC» n X_‘En)= [4/('1)] N /\7’511) (B(An) N i‘f") = [\P(")] A /\7;")).

(a) is immediate from (15) since B®*® = B* and since Y(T) = Y(ENE)
= ¢ when = does not occur in .

Consider the initial step in the inductive proof of (15). Let B be a basic
clopen set in X;. Then for some m and some basic’ m-formula § of L, (p)
which does not involve the equality symbol, B = {S: (», S,0,...,m — D)=
y}. We know (e.g. from [15]) that Bé? = [37 v, - - - v,,)(¥)™]. By (15),

[@* v P 0 XP=[@V, - vIBP] 0 X,

The remaining steps are similar. At each stage we carry the additional
hypothesis that the formulas defined previously do not contain =; we use the
argument from [15] to construct a new formula; then we use (14) to eliminate
the equality symbol from that new formula.

This completes the proof of 2.1(a). As in [15], (b) is immediate from (13),
(a), and the fact that B* is an invariantization of B, []

The syntactical objects corresponding to alternated unions are alternated
disjunctions. Given a sequence ® ={¢5: B < y) of p-sentences, let

D(®) = \/{$ A 1¢p+1: B E e(v)}.
A sequence (¢s: B < y) of I, sentences is suitable for D (II7Y,) if
(Mod(¢g): B < y) is suitable for D, (I1'%,(V,).

D,(I,) = { D (®): ® s suitable for D, (I17,)}.
GD(w.)(H,?a) = EJ éDy(H/(()a) .
a<w;

THEOREM 2.2. Assume 1 < a < w,. For each y € w,,

inv(GDY(H?a)()?p ))) y(n,(a) (_ )

and

inv(Ag()?p )) = D, (%) ()_(— p).
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Proor. This follows directly from 1.4, 2.1(b) and the fact that a sequence
{$: B < ) is suitable for @D, (II'p) if and only if {(¢,): B < y) is suitable
for @, (I2(X,). O

Now we can prove the full I’ separation theorem.

THEOREM 2.3. Let p be a countable similarity type and let a > 2. Then the
collection H’g(Vp) has the strong separation property with respect to
Doy A @) (V-

ProoF. Let Mod(8,), Mod(d,) be disjoint II'? classes. Then (4,), (4,) are
disjoint invariant II® subsets of X. 5+ By 1.4(c) there is a set D €
®(wl)(inv(H?a)(X 5))) which separates (6,) from (6;). By 2.2, D n X, = (9) for
some ¢ € Dy, (T

Clearly Mod(¢) separates Mod(f,) from Mod(#,) over countable models
and by the Lowenheim-Skolem theorem for L, (o), Mod(¢) separates
Mod(4,) from Mod(8,) over all models. [J

REMARKS. I. We have lost no generality in assuming that our similarity type
contained only relation symbols. Suppose p is a type which includes some
operation symbols. Let p be the result of replacing each n-ary operation
symbol with an n + l-ary relation symbol. The canonical embedding maps
V, to a ITJ subclass of V; and the II'y separation theorem for ¥, is easily
derived from 2.3 applied to V.

The countability assumption on p seems to be essential for the separation
theorem. It is apparent that the definability results 2.1 and the first part of 2.2
extend to uncountable similarity types in full analogy with the results in [15].

II. As mentioned in the introduction, we can apply an approximation
theorem of J. Keisler to derive the VO separation theorem from 2.3. For
present purposes it suffices to define for n € o, V2 = L_ (p) N I, B? is the
closure of W2 under negation and finite disjunction. Given a formula ¢ €
L, .(p), let ¢7 be the equivalent negation-normal formula which is obtained
by repeated application of the infinitary de Morgan rules. Keisler’s approxi-
mations as defined in [7] have two important features:

(16) Suppose 8,, 8, € L, (p), ¢ is in negation-normal form, and Mod(¢)
separates Mod(f,) from Mod(d,). Then there is an approximation o €
@ () [7] such that Mod(o) also separates Mod(6,) from Mod(8,).

(17 If ¢ € 9, ,(I'y) and Y € & (¢7), then Mod(y) € BY(V,).

Combining (16) and (17) with 2.3 we obtain

(18) (Shoenfield) For n > 2 the collection V?,(Vp) has the strong separation
property with respect to B)_ (V).

To verify (18), let 8,, 8, be mutually inconsistent members of ¥2(p). By 1.3,
there exists ¢ € GD(wl)(lI’g_,(p)) such that Mod(¢) separates Mod(f,) from
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Mod(8,). By (15), the same is true of some o € & (¢7). By (17), Mod(o) €
BY(V,).

In his dissertation [12], Myers proved a separation theorem for multiplica-
tive classes in the L,, , hierarchy based on quantifier depth (without regard to
infinite conjunction and disjunction). Myers’ result also yields Shoenfield’s
via the approximation theory, but it is much less natural topologically. We do
not know a topological theorem about logic spaces from which Myers’ result
can be obtained.

II1. The IT"?? separation theorem for successor a, @ > 2, can be reduced to
the case a = 2 by the following method. The method seems to be essential for
the effective theorem of §3. It shows that the *-transform can be avoided in
deriving 2.3 for successor a (though apparently not for limit «, nor for
definability results such as 2.2).

Let p be countable and suppose K, K; € II'OBH(VP) are disjoint, 8 > 2.
Fori = 0, 1 choose

01 = /n\Vvo- .. Vk': yavk#, e vk,f,,,gr:m
such that each 6, € II''z(0), K; = Mod(f)). Let L be the smallest fragment
of L, ,(p) which contains each 8,. Let p¥ = p*~ be the similarity type
which contains an n-ary predicate R, , for each n € w and each n-formula
¢ € L. Given % € V,, o a sentence of L, (o), let ¥ € V.« be the canoni-
cal expansion of %, and let Mod*(o) = {U*: Ak o}.

Let V¥ = {%¥: % € V,}. Note that:

(19) Mod*(8) e MYV ,7),i=1,2.

(20) If ¢ € II"Y(p*), then Mod(¢) N V¥ = Mod*(y) for some ¢ € II'§(p).

By (19) and the II0 separation theorem for p¥, there exists ¢ €
Doy ¥)) such that Mod(¢) separates Mod*(6,) from Mod*(8,). By
(20), Mod(¢) N V,* = Mod*(y) for some ¢ € 9, ,(II'g(0)). Then Mod(¢)
separates Mod(#,) from Mod(8).

After proving 2.3 we learned from Myers that (at least for successor a and
over infinite models) it was an unpublished result of G. E. Reyes. He
apparently derived the case a = 2 from Hausdorff’s proof and the fact that
the closure of any invariant subset of X, is closed’, and then translated the
result to other successor a using Skolem predicates (presumably by the
preceding argument).

IV. The IT¢ (1st) separation principle is often presented as a corollary to the
X2 reduction principle. It is natural to ask whether this reduction principle
has an invariant version. The following example shows that invariant
reduction fails in the canonical logic action (and hence also in logic).

PROPOSITION 2.4. Let p consist of a single binary relation and let I = 1, be
the canonical equivalence on X, = 2°*“. Let Ay = {R: @n)(Ym)(R (n, m) =
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D}, A, = {R: (Am)YVn)(R (n, m) = 1)}. Then there is no pair of I-invariant
X9 sets which reduces (Ay, A)).

Proor. Choose R, so that (w, R) is a dense linear order with left and right
endpoints (i.e. an order of type 1 + 1 + 1). Suppose B is an invariant IIJ set
which contains Ry Then B = [8] for some IT'J sentence 6. Since IT") classes
are closed under unions of chains (cf. Weinstein [16]), B has members R, and
R, which define orders of type n + 1 and 1 + 7, respectively; hence B cannot
include either ~ 4y N 4, 0r ~ 4, N 4,

Suppose (By, B;) is a pair of X9 sets which reduces (4, 4;). Then, for i = 0
orl, Ry € ~ B;and ~ 4, N A,_; C~ B,. By the argument of the preceding
paragraph, B; is not invariant. []

3. Remarks on orbits. Let p be a fixed countable similarity type.
Given n € w and an n-formula ¢ = ¢(vo - * * v,_y) € L, (o), define

r¢1={R EXP:(w,R,O,...,n—l),:qb}‘

Let L be a countable fragment of L, ,(p), and let X L be the topological space
formed on the underlying set of X, by taking { "¢*: ¢ € L} as a basis.

Given R € XL we continue to identify R with (w, R). Th(R) is the
L-theory of (w, R) and [R] is the orbit of R under the canonical action. [R] is
Borel, and, in general, there will be orbits of arbitrarily high Borel rank. In [5]
M. Benda proved a result relating a model theoretic condition on R to the
topological complexity of [R]in X “«; viz.

(21) If R is saturated and Th(R) is not w-categorical, then [R] is not Z3 in
X Lo,

Topological questions about orbits in X L« were also considered briefly by
Suzuki [14].

In this section we will obtain further results of this kind. The invariant IT°
separation theorem will be an important tool. Both 3.2 and 3.5 will improve
@n.

Let p** be the similarity type with a Skolem predicate P, for each formula
¢ € L. Then the canonical embedding J: R > R*L of X* into X «. defines
a homeomorphism of X with an invariant ITJ subset of X ,«.. It follows that
X* is Polish and (0!, X%, J ») is a Polish action. Moreover, since the canonical
embedding commutes with the canonical actions on X, and X ,«., Vaught’s
result (12) can be translated into a definability result for X . The definition of
the classes L-X'0, L-II" (read “T'%-over-L”, etc.), is obtained from the
definition of =9, IT'?, by replacing the initial class IT"y by L and retaining the
inductive clauses as stated.

We have

(22) For a > 1, invariant ZJ,(X %) = L-Z%(X).

ProoF. Inclusion from right to left is trivial. To go from left to right assume
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B € inv(Z%(X1)); then J(B) € inv(Z2(J(XL)). By (12), J(B) = [¢] N
J(XL) for some § € E0(p#X). Let ¢ be the result of replacing each atomic
subformula of @ by the corresponding formula of L. Then ¢ is L-X0 and
B=1[yl. O

Our first result provides the second half of the “inverse” to Suzuki’s
observation [14, Theorem 2] that the orbit of a prime model R is a comeager
I subset of [ ATh(R)] C XL. ({14, Theorem 3] is the first half. Suzuki
worked with L = L,, but his arguments work in the general context
considered here.)

ProposiTION 3.1. If [R] € IY(X L), then (w, R) is L-atomic (every finite
sequence from w realizes a principal L-type in (w, R)).

PRrROOF. This result follows easily from the Baire Category Theorem and
Suzuki’s theorem [14, Theorem 3] that a model with a comeager orbit is
atomic. The following direct proof, however, introduces some ideas which are
essential for our further results.

Suppose [R] € II2. Since L is closed under quantification, it follows from
(22) that we can write [R] = [ A\, Vv - * * V.1 V. $um] » Where each ¢, is
an n-formula of L. Let A, = {1¢,,,: m € w}; then [R] = {S: S omits each
type A,, n € w}. If R realized a nonprincipal type =, we could find S which
omits {2} U {A,: n € w}. Butthen S € [R] and S 2 R, a contradiction. []

Note that [ /AATh(R)] is the closure of [R]in X%, hence

(23) [R] s closed if and only if Th(R) is w-categorical.

In view of the intrinsic invariance of the Borel classes (cf. Kuratowski [9,
§35]), for every a, [R] is a Z0 (or IT%) subset of X if and only if [R]is a Z?
(IT%) subset of [ ATh(R)]. In view of this fact, and of (23), we lose no
information by studying the complexity of orbits relative to [ /\T] where T
is a complete L-theory which is not w-categorical. It should also be noted that
in view of (22), all results of this section could be stated in terms of L
definability and without explicit reference to any topological space.

For the remainder of §3 we assume T is a fixed, complete not w-categorical
theory of L, and X = XT = | /\T] with the relative topology as a subspace
of X Lus,

X is exactly the space S studied in [5].

Following Benda [5] we say R is full (weakly saturated) if every elementary
type over T is realized in R. An elementary type A is powerful if every model
of T which realizes A is full.

w0

THEOREM 3.2. No orbit is Z2.

ProOF. Suppose [R] € ZY(X); then by (22), [R1=[V,3v " - * V.1
/\n®um] for some collection {¢,,: n, m € w} such that each ¢,, is an



198 D. E. MILLER

n-formula of L. Since [R] is minimal invariant, there is some n, such that
[R1=13 " - * Vpu1 N\p®upm] i€ [R] = {S: Ais realized in S} where A is
the ny-type {$,,.: m € w}.

If R is not full, let 3 be a complete type over T which is omitted by R, and
let S realize both A and 2. Then S € [R] and S 2 R, a contradiction.

If R is full, then A is powerful and, since T is not w-categorical, there are
both saturated and nonsaturated models which realize A, again contradicting
the fact that [R] is an orbit. []

LeMMA 3.3. If R is full and G is an invariant T13 set which contains R, then
G=X.

Proor. It suffices to prove the lemma for G = [Vvy -« - v,_; \V/,0.],
each ¢,, € L, since every invariant ITJ set is an intersection of sets of this
form. Let A = {1¢,,: m € w}. Then G = {S: S omits A}. Since R is full,
every model of T omits A. []

THEOREM 3.4. No full model has a A3 orbit.

PrROOF. Suppose R is full and [R] € A). Then by 14, [R] €
D, (inv(II)(X))), and since [R] is minimal invariant, [R] = G, ~ G, for
some invariant ITJ sets G;, G,. By 3.3, G; = X and [R] =~ G,, contradicting
32, O

COROLLARY 3.5. (i) If R is saturated, then [R] € II3 ~ Z3.

(ii) Let ¢y ...,c¢, be constant symbols not in p and let p’=pU
{cg»...>¢,}. If A is a powerful n + 1-type over T and (w, S, iy, ...,1,) isa
prime model of a complete extension of

v-oovn ,
A(Cz' .. cn) ngw(p)’

then [S] € 23 ~ L.

PRrOOF. It is easy (see [S]) to see that R, S belong to =3, I3, respectively.
The conclusion then follows by 3.4. []
We have a partial converse to 3.5(i).

THEOREM 3.6. Assume R is full and [R] € II3. Then R is saturated.

PrOOF. Suppose R is not saturated. Since R is full, 7 has a countable
saturated model S. Then [R] and [S] are disjoint minimal invariant ITJ sets. It
follows from the invariant ITJ separation theorem that there are invariant IT
sets G,, G, such that [R] C G, ~ G, C~[S]. Since R is full, it follows from
3.3 that G, = X. Then [S] C G,, and since S is full, G, = X and [R] = @, a
contradiction. []

The invariant ITC separation principle appears to be a useful tool for
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attacking general classification problems in descriptive set theory. For
example, consider the following proof of one of the first results in the subject
(cf. Addison [3] or Lusin [10]).

(24) (Baire 1906) The set 4 = {R € 2°*“: R defines a function fz: w > w
& (Vn)(fz '({n)}) is finite)} belongs to IT ~ =J.

PROOF. A is obviously invariant ITJ. If 4 were £ then 4 would be an
alternated union of invariant TIJ sets. Such sets cannot separate structures
which satisfy the same IT"J sentences (i.e. which realize the same types of V9
formulas). It is easy to show that 4 can.

Consider, for example, the functions f, f, defined as follows:

() If j = p" where p is the ith odd prime and 1 < n < i, then f,(j) = p;
otherwise f,(j) = J.

(i) If j is odd, then £,(j) = f,()); if j is even, then £,(j) = 0.

Let R; be the characteristic function of f, i = 1,2. Then R, € 4, R, & A4,
and it is a straightforward exercise to show that (w, R;), (w, R,) realize the
same types of V9 formulas. []

4. I1% separation and the problem of effectiveness. The main result of this
section, (4.2), is an “admissible” version of the IS (X ») separation theorem for
p € HC and a > 2, a successor ordinal. HC = {x: TC(x)< w} is the
collection of hereditarily countable sets. TC(x) is the transitive closure of x.
Since the construction used in 2.3 is highly effective, we will obtain a
corresponding IT? separation theorem for admissible languages as a
corollary.

We continue to assume for convenience that p is a set of relation symbols.
We further assume that p € HC and that the syntax of L, , is formalized in a
standard fashion so that L, (o) C HC and the usual syntactical operations
(substitution, collection of subformulas, etc.) are primitive recursive, (cf.
Barwise [4]). For definiteness we specify that a relation symbol is a triple
R = (1, 5, n), where s is arbitrary and n = n(R) € w, a constant symbol is a
pair s = (2, s5), and that the language is then constructed as in Keisler [8]. The
facts about admissible sets and primitive recursive (prim) set functions which
we require may be found in [8] and in Jensen and Karp [6].

Let C = {(2,n): n € w}. Borel subsets of X, are naturally named by
variable-free (propositional) sentences of L, , (0 U C). Such sentences will be
called p-names. When discussing p-names we will omit “primes” and refer to
basic p-names, II-p-names, etc. A p-name # names the set [f] = {S:
(«, S,0,1,...) = 8}. Itis apparent that B C X, is I if and only if B = [4]
for some I1%-p-name 4.

IT3(p) is the set of IT3-p-names. I, () = U {IT%(p): B < a}. at(p) is the
set of atomic p-names. For @ C HC, I[@] =I1%(p) N @. at(p) U {1 ¢:
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¢ € at(p)} is the set of subbasic p-names. Given a name 6, sub(@) is the set of
subnames (subformulas) of 4.

The following lemma is an effective version of the classical method of
generalized homeomorphisms (i.e. the classical method of Skolem predicates).
It will be used to reduce the general case of the IT2,, separation theorem to
the case a = 1.

LemMA 4.1. Let @ C HC be prim-closed, v, p € @, 1 < a < w,. Suppose
?,E @, © C IT%,(p). Then there exist p,, ¥, 5, 5, € @, g: X, > X, such
that:

(i) p, contains only 0-ary relation symbols (i.e., p, is propositional).

(i) ¥ is a II3-p,-name and g is a Borel isomorphism on X , onto [¥].

(iii) F,: at(p,) = Z2(p), F,: © — at(p,) are functions such that for ¢ € at(p,),
0 € 0, [F(¥)] = g~ (Y], and [F,(0)] N [¥] = g(6D.

Proor. Let L = {at(p)} U {sub(#): § € ©}. Let p, be the similarity type
with a O-ary relation symbol P, = (1, (L, ¢), 0) foreach¢ € L. Let ¥ € @
be a IT3-p,-name for B, where

B =N [P,oP,]n N [Pvrey\e/rpy]

T$EL vTeL
n N [P re P].
ATEL A 7/‘5\' Y

Let £: L — X%(p) be a prim function such that for every ¢ € L, [E(¢)] =
[¢]. Define %, = {(P,, £(#)): ¢ € L}, F, = {(8, P,): § € ©). For R € X,,
set g(R)(P,) =1 if R €[¢], 0 otherwise. It is easily checked that p,,
¥, g, 9y, ¥, have the required properties. []

Given a sequence ¢ = {¢5: 8 < v) of p-names, let [¢] = {[¢g]: B < ). Let

me](x,) = {[¢]: v em[&]},
Dei(T(X,)) = { D[p]: (38 € w)(p € & N**'(I(p))
&[ @] is suitable for D, (TI(X, )))}
THEOREM 4.2. Suppose @ C HC is admissible, p, w € @, 1 < p < w,. Then
Hﬁ +1[@)(X,) has the strong separation property with respect to 6D[@](IIg(X o))

PRrROOF. We consider two cases.

Case 1. p = 1 and p is propositional.

Let Ay, A, be disjoint sets belonging to IIJ@](X,).
We may assume

A4, = N U [ij]’ 4= N U [0"/]’

kek, jeJ kEK, jEJ
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where each 6, is a finite conjunction of subbasic names, say §,; = /\ #,, K],
K, are disjoint elements of @, and the sequences (f;:k € K,,j € J ),
{8, k € K,,j € J ) belong to &.

Let o, 7 range over the set T of finite functions with domain included in
K, U K, range included in J. (These are “partial Skolem functions™.) Let s, ¢
range over the collection I' of finite sets of subbasic p-names (“partial
elements of X,”). Given o € T, let t° = U {#,4): k € dom(0)}, 7 = /\ ¢,
$0[0°] = N ke doml rogio):

Given a« €On, let p(a) =1 if a is odd, 2 if a is even. Choose a set
o0 € On U @. Define a rank function Rk: T'X T—On U {0} by the
conditions:

Rk(s,0) > 1 if [As] n[0°] # @,
Rk(s, 0) > a + 1 if (VP € p)(Vk € K,(o)(3t, 7)
(sCt&ocCr&(PectorqPe)
& k € dom(7) & Rk(t, 1) > a),
Rk(s, 0) > A if Rk(s, 6) > B for every 8 <A,
provided A = UA,

RK(s, o) = { the smallest a such that Rk(s, 0) 2 a + 1 if such exists,

oo otherwise. (25)

Note [As] N [/\t°] = @ if and only if
(3P € p)(Ik € dom(0))(P, 9P € s U f,0)-

Thus, the relation on s, 6: “Rk(s, 6) > 1” is definable by a A, formula in the
parameters I, T, p € @. It follows from the form of (25) that the relation on
s, 0, a: “Rk(s, 06) > «” is primitive recursive in T, T, p, hence Rk N & is
A-definable in €. We claim

Rk € Q. (28)1
Let us defer verification of (28) and proceed. For s €T let § = {P:
P € s} U {P: 1P € s}. Let § = range(Rk). For < §, define
r, = {\V(f° U$): (s,0) €T X T &Rk(s, 0) < 1},
@, = /A r,so0
[@]= M ~([As]n[e]).
Rk(s,0) <7
Let ¢ =(@,:n < 8). ¢ is primitive recursive in parameters from @,
dom(gp) = 6 + 1 € @, hence ¢ € @. It is easy to check that [¢] is suitable for

'Lemmas in the text are numbered in logical order.
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D (II(X,)). We claim
4, € D([9]) S~ 4 (30)
To establish (30), suppose x € X,. Let
1, = min{Rk(s, 6): x €[ As] n[0°]},
and choose s, 0 such that x € [/\s] N [0°] and Rk(s, 6) = n,. Note that
n, > land x € [@, ] ~ [, + 1] Thus, it suffices to show:
x € A;=>p(n)#i fori=1;2. (29)
Since Rk(s, 0) < 7, + 1, there is some P € p, k € K, such that for any
tel,jeJ,
sCt& [P etorIP € )=Rk(t, 0 U {(k1)}) < N
In particular, if
e {sU (P} ifx €[P],
sU {1P} otherwise,
then Rk(¢, 0 U {(k,/)}) < 7, for any j. By the minimality of 7, it follows that
x¢ U [o°vl&MN] =[0°] n U [8,]-
Jj€J j€J
Since x € [§°] we obtain x & U ;,[0], so x & 4, . This proves (29) and,

hence, (30).
It remains to establish (28). We first prove

Image(Rk) C On. 27
Since I' X T is countable, there exists an odd ordinal § < w, such that
(Vs, o)(Rk(s, 0) > § = Rk(s, 0) > & + 2).
Let ?: w—>p, g;: @ K, g,: @w— K, be surjections. If Rk(Q@, @) > §, then
Rk(@, @) > 6 + 1, and for some ¢, T,
(9(0) € tor 719(0) € t) & g,(0) € dom(7) &Rk(z, 7) > &.
Then Rk(z,7) > 6 + 2, so there exist s, D ¢, g, 2 7 such that g,(0) €

dom(og) & Rk(sy, 0p) > 8. Proceeding inductively, we may define s,, o, for
each n € w such that

(Vn € 0)(Vm < n)[s, Cs,&0, Co,& (P(n) €s,0r 1P(n) € s,)
& g,(n), g2(n) € dom(a,) & Rk(s,, 0,) > 8]. (26)

Let x be the unique member of N ,,[/\s,] and let A = U ,0,. Note that A is
a function on K, U K, to J. If x & [0”], then since ~ [0*] is open, there
exists m > n such that

[/\Sm] g~[00,.] g~[0o,,,]
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and, hence, Rk(s,,, 0,,) = 0. This contradicts (26) and shows that
x€MN[6°]= N [buw]-
n

keEK UK,
This implies that x € A, N 4,, a second contradiction, which proves
Rk(9D, @) < § and (27) follows.
If Rk(D, @) & @, then for some (s, o), Rk(s, 6) = w; N € and

(@ €)EMV(EHETXT)
[sCt&o Cr—(Ia)(a €EOn&RK(, 7) < a)].

Applying Z-reflection, we obtain w, N @ € &, a contradiction, which estab-
lishes (28) and completes the proof of Case 1.

Case 2. p 2 1, p arbitrary.

Let 4,, A, be disjoint elements of Hﬁ +1[@)(X,) and suppose

=N U] fori=12,
keK, jeJ
where K, K, are disjoint elements of @, (f,;: k € K, U K,,j € J)ER, and
each §; € H(“)(p) Let ® = {#,: k € K, U K,,j € J} and choose p,, ¥, %,
%, € @ as given by 4.1. Let

B=[y]In M U J[%E,)] i=12
keEK;, jeJ
Then B,, B, are disjoint elements of Ho[@](X ). Applying the result of Case
1, let ¢ =(q@/:n < §)EQ be a sequence of IT1%-p,-names such that B, C
D([¢']) C B,. For B < § let g, be the result of replacing in g3 each P € p, by
Fo(P). Let ¢ =(gp: B < 8). As in Remark III, §2, it is easily checked that
Dl¢] € 6D[@](II,?(X ,)) and 4; C D[g] C A,. This completes the proof of 4.2.
O
Let ITP[@] = I} (p) N @ and let Dq(ITY) = D, ,ATY) N &.

COROLLARY 4.3. Suppose @ C HC is admissible, p, w € @, 1 < p < ;.
Then H’g+,[&’,](Vp) has the strong separation property with respect to

Dy (MD(V,)-

PRrROOF. As in Vaught [15] the proof of 2.1(a) is uniform and establishes

(31) There is a function 8 > <{8™*": n € w) which is primitive recursive in
parameters w, p such that if 4 is a II2-p-name, then for every n, § *™ € I1'%(p)
and [8]*" N isn) = (6 (),

Using (31) our proof of 2.3 is easily made effective, giving 4.3 as a
consequence of 4.2. [

REMARKS. V. The usual “lightface” descriptive set theory concerns admis-
sible sets of the form x* = L [x] for x €2“ Such sets & are locally
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countable, containing a map of w onto x for each x € &. If @ is locally
countable, w € @ and @ is prim-closed, then the standard proof of Eﬁ-
reduction shows that Eﬁ[@,](X ,) has the reduction property and, hence,
Hg[@](X ,) has the weak first separation property (¢ > 1, p € @). It seems
doubtful that Z2[@]-reduction holds when & is not locally countable.

VL. For @ = x*, x € 2¢, it is known that B C 2¢ is II’[@] if and only if B
is I1%-in-y (in the sense of classical recursion theory) for some parameter y
which is hyperarithmetic in x. Before we obtained 4.2, Richard Haas (unpub-
lished) showed that I12(2*) has the strong separation property with respect to
the class of recursive alternated unions of I sets. If his result can be shown
to relativize to arbitrary parameters or to extend to higher levels of the
hyperarithmetical hierarchy it will improve the result one obtains from 4.2 in
these cases by avoiding the introduction of hyperarithmetic parameters.
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